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7RSLF
� 7KLV�VHPLQDU�ZLOO�FORVHO\�IROORZ�WKH�ERRN�7KH�3UREDELOLVWLF�0HWKRG�E\�$ORQ�DQG�

6SHQFHU��ZKLFK�FDQ�EH�IRXQG�IRU�IUHH�RQOLQH�
� 7KLV�ERRN�FRYHUV�WKH�SUREDELOLVWLF�PHWKRG��D�PDWKHPDWLFDO�PHWKRG�IRU�XVLQJ�

SUREDELOLW\�WR�VROYH�FRPELQDWRULFV�SUREOHPV
� 5HTXLUHG�EDFNJURXQG�LV�D�EDVLF�XQGHUVWDQGLQJ�RI�SUREDELOLW\��IRU�LQVWDQFH�

� 5DQGRP�9DULDEOHV
� ([SHFWDWLRQ
� ,QGHSHQGHQFH
� &RQGLWLRQLQJ



/RJLVWLFV
� :H�ZLOO�PHHW�IRU���KRXUV�HDFK�ZHHN�IURP������������1<&�WLPH�RQ�)ULGD\V�
� 2QH�VWXGHQW�ZLOO�SUHVHQW�HDFK�ZHHN��WKHUHIRUH�WKH�QXPEHU�RI�WLPHV�HDFK�

VWXGHQW�SUHVHQWV�PD\�GHSHQG�RQ�HQUROOPHQW��KRZHYHU�LW�VKRXOG�EH�QR�PRUH�
WKDQ����

� *UDGLQJ�ZLOO�EH�EDVHG�RQ�WDON�SUHSDUDWLRQ�DQG�DWWHQGDQFH��VHH�V\OODEXV�IRU�
PRUH�GHWDLOV�



(TXDWLRQV�LQ�6OLGHV
,I�FUHDWLQJ�VOLGHV�DOO�HTXDWLRQV�DUH�H[SHFWHG�WR�EH�/D7H;HG��7KHUH�DUH�VHYHUDO�
ZD\V�WR�GR�WKLV��KHUH�DUH�D�IHZ�WKDW�,�ZRXOG�UHFRPPHQG�

� ,QVWDOO�WKH�EURZVHU�DGG�RQ�FDOOHG�PDWK�HTXDWLRQV
� �+HUH�LV�WKH�OLQN�WR�GRZQORDG�WKH�H[WHQVLRQ�
� 3UR��LW�LV�SUREDEO\�WKH�PRVW�HIILFLHQW�IRU�VPDOO�WKLQJV�OLNH�ELQRPLDO�FRHIILFLHQWV�VLQFH�LW�ZRUNV�

GLUHFWO\�LQ�*RRJOH�6OLGHV�
� &RQ��'RHV�QRW�KDYH�WKH�VDPH�YHUVDWLOLW\�\RX�ZRXOG�KDYH�LQ�\RXU�RZQ�7H;�GRFXPHQW��,W�GRHVQ¶W�

VHHP�WR�DOORZ�\RX�WR�XVH�H[WHUQDO�SDFNDJHV�VXFK�DV�DPVWKP��EXW�OHW�PH�NQRZ�LI�\RX�ILJXUH�RXW�
KRZ�WR�GR�WKLV��

� 2QOLQH�7H;�HGLWRU�
� +HUH�LV�DQ�H[DPSOH�
� 3UR��7KLV�KDV�D�PDWK�NH\ERDUG�WKDW�ZLOO�KHOS�LI�\RX�DUH�QRW�VR�FRPIRUWDEOH�ZLWK�/D7H;
� &RQ��1RW�DV�HIILFLHQW�DV�WKH�EURZVHU�DGG�RQ�DQG�DOVR�ODFNV�WKH�YHUVDWLOLW\

� <RXU�RZQ�7H;�HGLWRU
� 3UR��$OO�WKH�YHUVDWLOLW\�\RX�FRXOG�GUHDP�RI�
� &RQ��$OVR�QRW�YHU\�HIILFLHQW



$�6DPSOH�RI�WKH�0HWKRG���6HFWLRQ�����
7KH�JHQHUDO�LGHD�RI�WKH�SUREDELOLVWLF�PHWKRG�LV�XVLQJ�SUREDELOLW\�WR�SURYH�WKDW�
FHUWDLQ�VWUXFWXUHV�H[LVW��:H�GHILQH�SUREDELOLW\�VSDFHV�DQG�VKRZ�WKDW�VXFK�D�
VWUXFWXUH�RFFXUV�RQ�WKLV�VSDFH�ZLWK�SRVLWLYH�SUREDELOLW\��DQG�WKHUHIRUH��PXVW�EH�
SRVVLEOH���7R�LOOXVWUDWH�WKLV��ZH�ZLOO�XVH�D�VLPSOH�H[DPSOH��WKH�5DPVH\�QXPEHU�



7KH�5DPVH\�1XPEHU
7KH�5DPVH\�1XPEHU�5�M�N��LV�WKH�VPDOOHVW�LQWHJHU�Q�VXFK�WKDW�LQ�DQ\���FRORULQJ�RI�
D�FRPSOHWH�JUDSK�RQ�Q�YHUWLFHV��KHUH�RQ�GHQRWHG�E\�.�Q���E\�UHG�RU�EOXH�WKHUH�
PXVW�H[LVW�HLWKHU�D�FRPSOHWHO\�UHG�.�M��RU�D�FRPSOHWHO\�EOXH�.�N��

([DPSOHV�
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:H�ZLOO�QRZ�XVH�WKH�PHWKRG�WR�SURYH�WKH�IROORZLQJ�SURSRVLWLRQ�

3URRI��&RQVLGHU�D�UDQGRP���FRORULQJ�RI�WKH�HGJHV�RI�.�Q��ZKHUH�HDFK�HGJH�LV�
FRORUHG�LQGHSHQGHQWO\�ZLWK�SUREDELOLW\�ò�RI�UHG�DQG�SUREDELOLW\�ò�RI�EOXH��)RU�D�VHW�
5�RI�N�YHUWLFHV�LQ�.�Q���ZH�GHILQH�$�5��WR�EH�WKH�HYHQW�WKDW�WKH�VXEJUDSK�RQ�5�LV�
HLWKHU�DOO�UHG�RU�DOO�EOXH��7KHQ�ZH�KDYH�

7R�VHH�WKLV��QRWH�WKDW�WKHUH�DUH������HGJHV�LQ�WKH�VXEJUDSK�RQ�5��:H�FDQ�ZULWH�$�5��
DV�WKH�GLVMRLQW�XQLRQ�RI�WKH�HYHQW�WKH�VXEJUDSK�RQ�5�LV�DOO�UHG�RU�DOO�EOXH��ERWK�RI�
ZKLFK�KDYH�SUREDELOLW\���������VR�ZH�JHW��������������������������������������6LQFH�WKHUH�DUH������
FKRLFHV�IRU�5��WKH�SUREDELOLW\�WKDW�DW�OHDVW�RQH�RI�WKHVH�HYHQWV�KDSSHQV�LV�DW�PRVW�
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1RZ�ZH�KDYH�VKRZQ�

+HUH�ZH�XVH�WKH�NH\�LQVLJKW�RI�WKH�SUREDELOLVWLF�PHWKRG��6LQFH�WKH�SUREDELOLW\�RI�
WKLV�QRW�RFFXULQJ�LV�SRVLWLYH��WKHUH�PXVW�H[LVW�D���FRORULQJ�IRU�ZKLFK�WKHUH�LV�QR�
FRPSOHWH�UHG�RU�EOXH�VXEJUDSK�RI�VL]H�N��ZKLFK�PHDQV�WKDW�Q�FDQQRW�EH�WKH�
5DPVH\�QXPEHU�5�N�N���DQG�WKHUHIRUH�5�N�N��!�Q�

2



)XUWKHUPRUH��LI�ZH�WDNH�N�����DQG�ZH�VHW������������������WKHQ�ZH�KDYH�

6R��LQ�SDUWLFXODU�WKLV�WHOOV�XV�WKDW�5�N�N��!�����������



6RPH�5HPDUNV
� &RXOG�WKLV�KDYH�EHHQ�GRQH�XVLQJ�D�FRXQWLQJ�DUJXPHQW"

� <HV��EXW�LW�ZRXOG�SUREDEO\�EH�ZD\�PRUH�DQQR\LQJ��DQG�ODWHU�RQ�ZH�ZLOO�VHH�SURRIV�ZKHUH�WKH�
SUREDELOLW\�LV�QRW�VR�HDVLO\�UHSODFHG�

� &DQ�ZH�DFWXDOO\�FRQVWUXFW�D���FRORU�RQ�.�Q��WKDW�KDV�QR�PRQRFKURPDWLF�.�N�"
� 7KH�SURRI�LV�QRQ�FRQVWUXFWLYH�EXW�GRHV�OHDG�XV�WRZDUGV�D�YHU\�HIILFLHQW�UDQGRPL]HG�DOJRULWKP�
� 7KLV�LV�PXFK�EHWWHU�WKDQ�DQ�H[KDXVWLYH�VHDUFK�VLQFH�WKHUH�DUH���������SRVVLEOH���FRORULQJV�RI�

.�Q��



����*UDSK�7KHRU\
$�WRXUQDPHQW�7�RQ�D�VHW�9�RI�Q�SOD\HUV�LV�DQ�RULHQWDWLRQ�RQ�WKH�HGJHV�RI�WKH�
FRPSOHWH�JUDSK�RQ�RQ�WKH�VHW�RI�9�YHUWLFHV��:H�FDQ�WKLQN�RI�7�DV�EHLQJ�D�GLUHFWHG�
JUDSK�RQ�WKH�YHUWH[�VHW�9�IRU�ZKLFK�H[DFWO\�RQH�RI�WKH�HGJHV��Y�Z��RU��Z�Y��LV�
LQFOXGHG�IRU�HYHU\�SDLU�Y�Z�LQ�9�

:H�FDOO�WKLV�D�WRXUQDPHQW�EHFDXVH�\RX�FDQ�WKLQN�RI�WKH�HGJH��Y�Z��DV�³Y�EHDWV�Z´�
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:H�VD\�D�WRXUQDPHQW�7�KDV�WKH�SURSHUW\�6.�LI�IRU�HYHU\�VHW�RI�RI�N�YHUWLFHV�LQ�9�
WKHUH�H[LVWV�D�YHUWH[�WKDW�EHDWV�WKHP�DOO��7KDW�LV��IRU�DOO�$����9��_$_� �N��WKHUH�LV�VRPH�
Y�LQ�9�VXFK�WKDW��Y��D��LV�LQ�7�IRU�DOO�D�LQ�$��

([DPSOHV�

4XHVWLRQ��,V�LW�WUXH�WKDW�IRU�HYHU\�ILQLWH�N�WKHUH�LV�D�WRXUQDPHQW�ZLWK�WKH�SURSHUW\�
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&RQVWUXFW�UDQGRP�WRXUQDPHQWV�

)RU�HDFK�SDLU�RI�YHUWLFHV�Y�Z�LQ�9��ZH�FKRRVH�EHWZHHQ�WKH�HGJHV��Y�Z��DQG��Z�Y��
ZLWK�SUREDELOLW\�ò�HDFK��$V�D�UHVXOW�DOO������DUH�HTXDOO\�OLNHO\��L�H��WKH�SUREDELOLW\�
VSDFH�LV�V\PPHWULF��ZKLFK�LV�RIWHQ�WKH�FDVH�ZKHQ�DSSO\LQJ�WKH�PHWKRG��

:H�XVH�WKLV�SUREDELOLW\�VSDFH�WR�SURYH�WKH�IROORZLQJ�WKHRUHP�



/HW�7�EH�D�UDQGRP�WRXUQDPHQW�RQ�WKH�VHW�9� �^������Q`��)RU�HYHU\�IL[HG�VXEVHW�.���9�
RI�VL]H�N��OHW�$.�EH�WKH�HYHQW�WKDW�WKHUH�LV�QR�YHUWH[�WKDW�EHDWV�WKHP�DOO��7KHQ�ZH�
KDYH�WKDW�

7KLV�LV�EHFDXVH�IRU�DQ\�IL[HG�YHUWH[�Y�LQ�9���.��WKH�SUREDELOLW\�WKDW�Y�GRHV�QRW�EHDW�
DOO�RI�WKH�YHUWLFHV�LQ�.�LV����������������DQG�WKHVH�HYHQWV�DUH�LQGHSHQGHQW�IRU�GLVWLQFW�
YHUWLFHV��

7KHUHIRUH�ZH�REWDLQ�WKH�ERXQG�

%\�DVVXPSWLRQ�LQ�WKH�WKHRUHP��WKLV�ERXQG�LV������7KHUHIRUH�ZLWK�QRQ]HUR�
SUREDELOLW\�WKLV�WRXUQDPHQW�KDV�WKH�SURSHUW\�6N��LPSO\LQJ�WKDW�VXFK�D�WRXUQDPHQW�
H[LVWV��
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$�GRPLQDWLQJ�VHW�RI�DQ�XQGLUHFWHG�JUDSK�*� ��9�(��LV�D�VHW�8����9�VXFK�WKDW�HYHU\�
YHUWH[�Y�LQ�9�KDV�DW�OHDVW�RQH�QHLJKERU�LQ�8�

([DPSOHV�

:H�FDQ�XVH�WKH�SUREDELOLVWLF�PHWKRG�WR�SURYH�WKH�IROORZLQJ�ERXQG�IRU�D�GRPLQDWLQJ�
VHW�

. :L :



:H�ZLOO�UDQGRPO\�JHQHUDWH�D�YHUWH[�VHW�;�E\�LQFOXGLQJ�HDFK�YHUWH[�Y�LQGHSHQGHQWO\�
ZLWK�SUREDELOLW\�S��ZKHUH�S�ZLOO�EH�VSHFLILHG�ODWHU���:H�FDQ�FRPSXWH�WKH�H[SHFWHG�
YDOXH�RI�_;_�

'HILQH�WKH�VHW�<;� �^Y�LQ�9��Y�DQG�LWV�QHLJKERUV�DUH�QRW�LQ�;`��7KHQ�ZH�FDQ�ERXQG�
WKH�H[SHFWHG�YDOXH�RI�<;�

:KHUH�WKH�ODVW�LQHTXDOLW\�FRPHV�IURP�FRPSXWLQJ�WKH�SUREDELOLW\�WKDW�Y�DQG�LWV�
QHLJKERUV�DUH�DOO�QRW�LQ�;�LQ�WKH�ZRUVW�FDVH�VFHQDULR�ZKHUH�Y�KDV�GHJUHH�����
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6R�QRZ�ZH�KDYH�

7KHUHIRUH�WKHUH�PXVW�H[LVW�DW�OHDVW�RQH�;�VXFK�WKDW������������������������������������������������
�WKLV�IROORZV�IURP�WKH�SULQFLSOH�WKDW�LI�;�LV�D�UDQGRP�YDULDEOH�ZLWK�PHDQ�P��WKHQ�;�
FDQQRW�EH�VWULFWO\�ODUJHU�WKDQ�P��

1RWH�WKDW���������������LV�FOHDUO\�D�GRPLQDWLQJ�VHW��7R�REWDLQ�WKH�ERXQG�IURP�WKH�
VWDWHPHQW�RI�WKH�WKHRUHP��ZH�VLPSO\�RSWLPL]H�RYHU�S��
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2SWLPL]DWLRQ�

�� $SSO\�WKH�ERXQG���������������������WR�ERXQG�WKH�IRUPXOD�E\����������������������
�� 7DNH�WKH�GHULYDWLYH�DQG�VHW�LW�HTXDO�WR���

�� 6ROYH�WKH�HTXDWLRQ�WR�ILQG�D�PLQLPXP�DW�
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-
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5HPDUNV
�� 7KH�PHWKRG�GLG�QRW�LPPHGLDWHO\�JLYH�WKH�ERXQG��ZH�KDG�WR�FKRRVH�S�ODWHU��

$GGLWLRQDOO\��ZH�ZHDNHQHG�RXU�ERXQG�WR�JHW�D�FOHDQHU�UHVXOW�
�� 1RWH�WKH�XVH�RI�H[SHFWDWLRQ��3DUWLFXODUO\�WKH�PHDQ�SULQFLSOH�
�� 2Q�SDJH���WKHUH�LV�D�VXPPDU\�RI�DQ�LQWHUHVWLQJ�DOJRULWKPLF�SURRI�RI�WKLV�

WKHRUHP�WKDW�LV�LQWHUHVWLQJ�
�� 7KHUH�LV�DOVR�D�GLVFXVVLRQ�RI�XVLQJ�GRPLQDWLQJ�VHWV�WR�GHWHUPLQH�

HGJH�FRQQHFWLYLW\�



����&RPELQDWRULFV
$�K\SHUJUDSK�LV�D�SDLU�+� ��9�(��ZKHUH�9�LV�D�ILQLWH�VHW�ZKRVH�HOHPHQWV�DUH�FDOOHG�
YHUWLFHV�DQG�(�LV�D�IDPLO\�RI�VXEVHWV�RI�9��FDOOHG�HGJHV��,W�LV�Q�XQLIRUP�LI�HDFK�RI�
LWV�HGJHV�KDV�H[DFWO\�Q�HOHPHQWV��QRWH�WKDW�D�QRUPDO�JUDSK�LV�D���XQLIRUP�
K\SHUJUDSK���:H�VD\�WKDW�+�KDV�SURSHUW\�%��RU�WKDW�LW�LV���FRORUDEOH�LI�WKHUH�LV�D�
��FRORULQJ�RI�9�VXFK�WKDW�QR�HGJH�LV�PRQRFKURPDWLF�

/HW�P�Q��EH�WKH�PLQLPXP�QXPEHU�RI�HGJHV�RI�DQ�Q�XQLIRUP�K\SHUJUDSK�WKDW�GRHV�
QRW�KDYH�SURSHUW\�%�



/HW�+� ��9��(��EH�D�Q�XQLIRUP�K\SHUJUDSK�ZLWK�OHVV�WKDQ����������:H�UDQGRPO\�FRORU�9�
E\���FRORUV��FRORULQJ�HDFK�YHUWH[�LGHQWLFDOO\�ZLWK�SUREDELOLW\�ò�RI�HDFK�FRORU��)RU�
HDFK�HGJH�H��OHW�$H�EH�WKH�HYHQW�WKDW�H�LV�FRORUHG�PRQRFKURPDWLFDOO\��&OHDUO\��

6R�ZH�FDQ�ERXQG�WKH�SUREDELOLW\�WKDW�WKLV�UDQGRP���FRORULQJ�KDV�DW�OHDVW�RQH�
PRQRFKURPDWLF�HGJH�E\�

7KHUHIRUH�WKHUH�PXVW�H[LVW�D���FRORULQJ�WKDW�KDV�QR�PRQRFKURPDWLF�HGJHV�
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⇒ It has property B



:H�FDQ�REWDLQ�D�EHWWHU�ERXQG�XVLQJ�D�VOLJKWO\�EHWWHU�SUREDELOLW\�VSDFH��+HUH�WKH�
SUREDELOLW\�VSDFH�ZLOO�EH�UDQGRP�RYHU�WKH�HGJHV�RI�+�UDWKHU�WKDQ�WKH�FRORULQJ�

/HW�9�EH�D�VHW�ZLWK�Y�SRLQWV��Y�ZLOO�ODWHU�EH�RSWLPL]HG���/HW�����EH�D�FRORULQJ�RI�9�E\���
FRORUV��ZLWK�U�UHG�SRLQWV�DQG�E� �Y���D�EOXH�SRLQWV��/HW�6�EH�D�UDQGRP�Q�VHW�
XQLIRUPO\�VHOHFWHG�IURP�DOO������SRVVLELOLWLHV��7KHQ�

$VVXPLQJ�WKDW�Y�LV�HYHQ�IRU�FRQYHQLHQFH��WKLV�H[SUHVVLRQ�LV�PLQLPL]HG�DW�D� �E��
7KHUHIRUH�ZH�KDYH�WKDW�

a

for



/HWWLQJ�����������������EH�XQLIRUPO\�DQG�LQGHSHQGHQWO\�FKRVHQ�Q�VHWV��ZLWK�P�WR�EH�
GHWHUPLQHG�ODWHU��

)RU�HDFK�FRORULQJ�����OHW�������EH�WKH�HYHQW�WKDW�QRQH�RI�WKH�6L�DUH�PRQRFKURPDWLF�
XQGHU������L�H��WKDW�����LV�D�YDOLG���FRORULQJ��

7KHUH�DUH��Y�SRVVLEOH�FRORULQJV��VR�

&OHDUO\�LI�WKLV�TXDQWLW\�LV�OHVV�WKDQ����P�Q����P��7KHUHIRUH�ZH�ZDQW�WR�RSWLPL]H�IRU�
P�DV�VPDOO�DV�SRVVLEOH�VXFK�WKDW�WKLV�TXDQWLW\�LV����

FEE:ite nests
s



2SWLPL]LQJ�

/HW����������������:H�DJDLQ�DSSO\�WKH�ERXQG���������������������:KHQ��������������������WKHQ�

6R�QRZ�ZH�ZDQW�WR�FKRRVH�Y�WKDW�PLQLPL]HV�WKLV�H[SUHVVLRQ�IRU�P��L�H��WKDW�
PLQLPL]HV�Y�S��6HH�SDJH���LQ�WKH�ERRN�IRU�GHWDLOV��8OWLPDWHO\�LW�\LHOGV�WKH�ERXQG�

:H�ZLOO�VNLS�WKHRUHP�������LQ�WKH�QRWHV�IRU�WLPH��6HH�SDJH���LI�FXULRXV�
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����&RPELQDWRULDO�1XPEHU�7KHRU\
$�VXEVHW�$�RI�WKH�LQWHJHUV�LV�FDOOHG�VXP�IUHH�LI�WKHUH�GRHV�QRW�H[LVW�DQ\�D�E�F�LQ�$�
VXFK�WKDW�D���E� �F��

([DPSOH��2GG�LQWHJHUV
(At A) n A =D



/HW�S� ��N�����EH�D�SULPH�QXPEHU�ZKLFK�VDWLVILHV��������������������������6HW�&� �^N������
N����«���N���`��7KHQ�QRWH�WKDW�&�LV�D�VXP�IUHH�VXEVHW�RI�������������DQG�WKDW

&KRRVH�DW�UDQGRP�DQ�HOHPHQW�[�IURP�^������«��S����`�DQG�VHW�GL� �[EL��PRG�S���$V�[�
UDQJHV�RYHU�DOO�SRVVLEOH�YDOXHV��GL��UDQJHV�RYHU�DOO�HOHPHQWV�RI�������������7KHUHIRUH

7KXV�WKH�H[SHFWHG�YDOXH�RI�WKH�QXPEHU�RI�L�VXFK�WKDW�GL�LV�LQ�&�LV�Q����7KHUHIRUH�
WKHUH�PXVW�EH�DQ�[�VXFK�WKDW�DW�OHDVW�Q���RI�WKH�GL�DUH�LQ�&��,I�^EL�����«�EL�N�`�DUH�VXFK�
WKDW�GL�M��DUH�DOO�LQ�&��WKHQ�WKH�VHW�LV�VXP�IUHH��7KXV�E\�WKH�H[SHFWDWLRQ�SULQFLSOH�
WKHUH�PXVW�H[LVW�D�VXP�IUHH�VHW�RI�VL]H�JUHDWHU�WKDQ�Q���

i

bet i tht = 2kt fits) > 2kt I

randomly choose X unit from
51 . - - - p- 13

di-xbilmod.PL es 7 . . - p - 13
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6XPPDU\
� 6RPH�QHZ�WHFKQLTXHV�ZH�VDZ�WRGD\�

� 8VLQJ�WKH�H[SHFWDWLRQ�WR�ERXQG�DQG�LQVWDQFH�RI�D�UDQGRP�YDULDEOH
� %RXQGV�DQG�DSSUR[LPDWLRQV��ORRVHQLQJ�WKH�ERXQGV�WR�JHW�FOHDQHU�UHVXOWV
� 'LIIHUHQW�RSWLRQV�IRU�ZKDW�ZH�FRXOG�WDNH�WR�EH�UDQGRP�

� :H�VDZ�WKH�PHWKRG�XVHG�LQ�D�QXPEHU�RI�GLIIHUHQW�ZD\V




